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Abstract
Let K be a k-arc in PG(2; q), q = pl, p prime, consisting of the points of a point orbit under
a cyclic collineation group G. We show that if G is a subgroup of a Singer group of PG(2; q),
if p is greater than 5, and if 2k is di2erent from −2; 1; 2; 4 (modp), then k6 (44=45)q + 89 .
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1. Introduction
An arc of size k (or brie:y a k-arc) in the projective plane PG(2; q) over Fq, the
Galois ;eld of order q, is a set of k points no three of which are collinear; a k-arc is
said to be complete if it is not contained in a (k+1)-arc. A k-arc is called cyclic if it
consists of the points of a point orbit under a cyclic collineation group G of PG(2; q).
Complete cyclic arcs have been thoroughly investigated in [17]; the authors show that
in most cases the group G has to be a subgroup of a Singer group of PG(2; q). Such
cyclic arcs will be called arcs of Singer type. In [18] it is shown that if p is big
enough with respect to k, then each point orbit under a Singer subgroup of order k
is a k-arc, and hence an arc of Singer type. Investigating large arcs of Singer type
two cases are distinguished according as q is a square or not. In the former case, an
in;nite family of such arcs is well known: for each k | q − √q + 1, there exists a
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k-arc of Singer type (see [12,1,5,6,3]). Also, in PG(2; q), q even square, q¿16, the
(q−√q+ 1)-arcs of Singer type are complete and are the largest arcs which are not
contained in a (q+2)-arc (see [1]). In the latter case, unfortunately, no such nice arcs
seem to exist; hence the problem of determining large values of k for which k-arcs
of Singer type exist in PG(2; q), with q non-square, is still completely open. In this
paper, we investigate this problem in the general case. By applying StKohr–Voloch’s
theory to the algebraic envelope associated to a k-arc of Singer type, we obtain the
following bound about the size of such an arc.
Theorem 1.1. Let K be a k-arc of Singer type in PG(2; q), q=pl, p prime. If p¿5
and 2k =−2; 1; 2; 4 (modp), then
k6
44
45
q+
8
9
:
The basic idea in proving this result is considering a special curve projectively
equivalent to the envelope of K in PG(2; q 3); it is due to Cossidente and KorchmOaros,
who developed it in their paper [4] concerning the properties of the envelopes of
(q−√q+ 1)-arcs of Singer type in PG(2; q).
2. Some preliminary results on Singer groups and k-arcs
For the rest of the paper we will suppose q=pl, p prime. We also ;x a primitive
element of Fq3 , say !. We recall some notions about cyclic Singer groups of PG(2; q)
(see [15]).
Denition 2.1. A cyclic Singer group of PG(2; q) is a cyclic collineation group acting
regularly on the set of points of PG(2; q).
To construct a cyclic Singer group which will be useful later, we represent PG(2; q)
in a convenient way. Recall that
Fq3 = {x0 + x1!+ x2!2 | x– ∈ Fq}; F∗q = {(!q
2+q+1)– | 16–6q− 1}:
By the function
 : F∗q3 →PG(2; q);  (x0 + x1!+ x2!2) := (x0; x1; x2)
the points of PG(2; q) can be represented by the set = {!– | 06–6q 2 +q}. Consider
the action of  over , where
 :→; (!–)=!(!–)=!(–+1)(mod q 2+q+1);
the map  is a collineation of PG(2; q). In fact, (x0; x1; x2)=  (!(x0 + x1!+ x2!2));
if f= x3 − a− bx − cx2 is the minimum polynomial of ! over Fq, then
 (!(x0 + x1!+ x2!2))=  (!x0 + !2x1 + !3x2)= (ax2; x0 + bx2; x1 + cx2):
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So  is de;ned by (X )=XB where
X =(x0; x1; x2); B=


0 1 0
0 0 1
a b c

 :
Observation 2.2. B has three distinct eigenvalues in Fq 3 , namely !, !q, !q
2
.
The group G := 〈〉 is a cyclic Singer group of PG(2; q); in a sense it is the cyclic
Singer group of PG(2; q).
Proposition 2.3. Cyclic Singer groups of PG(2; q) are equivalent under conjugation
by the elements of PGL(3; q).
Proof. See [18,11, Corollary 4 to Theorem 4:2:1].
Denition 2.4. A k-arc of Singer type in PG(2; q) is a k-arc which consists of a point
orbit under a subgroup of a cyclic Singer group of PG(2; q).
A classical result in ;nite geometry is that in PG(2; q), q odd, the maximum size
for a k-arc is q + 1 and (q + 1)-arcs are irreducible conics de;ned over Fq (see
[2,13]). An essential tool for studying large arcs is the following result due to Segre
(see [11]).
Theorem 2.5. Let K be a k-arc of PG(2; q). If q is odd, then there exists a plane
curve ′ in the dual plane of P2( PFq), where PFq denotes the algebraic closure of Fq,
satisfying the properties below. Such a curve is called algebraic envelope of K. For
P ∈P2( PFq), let ‘P denote the corresponding line in the dual plane.
(1) ′ is de:ned over Fq.
(2) The degree of ′ is 2t, with t := q− k+2 being the number of 1-secants through
a point of K.
(3) The k t 1-secants of K belong to ′.
(4) Each 1-secant ‘ of K through a point P ∈K is counted twice in the intersection
of ′ with ‘P , i.e. I(‘; ′ ∩ ‘P)= 2.
(5) The curve ′ contains no 2-secant of K.
(6) The irreducible components of ′ have multiplicity at most 2, and ′ has at least
one component of multiplicity 1.
(7) (a) If k¿ 23 (q + 2), then K is not complete if and only if 
′ admits a linear
component de:ned over Fq.
(b) If K is not contained in a conic and k¿ 14 (3q + 5), then 
′ does not admit
a quadratic component over Fq.
(c) If k¿4, then ′ does not admit any component of degree d¡3 which is not
de:ned over Fq.
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(8) If k¿ 23 (q + 2), then there exists a unique curve in the dual plane of P
2( PFq)
satisfying properties 2–5.
By using (8) of Theorem 2.5 one can easily prove the following proposition (see
[18, Proposition 3]).
Proposition 2.6. Let K be a k-arc of Singer type in PG(2; q), with q odd; if
k¿ 23 (q+ 2), then K is complete.
3. The algebraic envelope of an arc of Singer type
From now on K will be a k-arc of Singer type in PG(2; q); obviously, k divides
q 2 + q+1. Let !,  and B be as in Section 2. Since by Proposition 2.3 two orbits of
the same size under subgroups of cyclic Singer groups are projectively equivalent, we
will assume without loss of generality that
K = {1; !(q 2+q+1)=k ; : : : ; !(k−1)(q2+q+1)=k}: (3.1)
For the rest of the section we will assume k¿ 14 (3q+5) and we will let t := q− k+2.
We have that k¿3; also, q+1 and q do not divide q2+q+1, so t¿3. Therefore, by (8)
of Theorem 2.5, K has a unique envelope ′; we consider ′ as a plane algebraic curve
in PG(2; PFq) de;ned over Fq and we will denote it by 2t . The following observations
will be useful later.
Observation 3.1. The curve 2t does not admit any component of degree smaller
than 3.
Proof. By Proposition 2.6 the arc K is not contained in a conic. The claim then follows
from (7) of Theorem 2.5.
Observation 3.2. Let  be a component of 2t of degree t; then  is de:ned over Fq.
Proof. Suppose  is not de;ned over Fq; by [11], Lemma 10:1:1,  has at most t2
Fq-rational points. It has at least (1=2)k t Fq-rational points since by Theorem 2.5 it
intersects each line corresponding to a point of K (in the dual plane) in at least t=2
rational points. But k¿ 23 (q+ 2)=2t implies t
2¡(1=2)k t, a contradiction.
Following [4], we will study a curve C2t projectively equivalent to 2t in PG(2; q3).
Let ’= [L] be the element of PGL(3; q3) such that LBL−1 = diag(!q; !q
2
; !) and
’(1; 0; 0)= (1; 1; 1) (by Observation 2:2 ’ is well de;ned). Let  be the image of
PG(2; q) by ’;  is a subplane of PG(2; q3) isomorphic to PG(2; q). We can con-
sider ! :=’’−1, collineation of  ; we have that if a :=!q−1, then !(x1; x2; x3)=
(ax1; aq+1x2; x3). So the points of  are those in the orbit of (1; 1; 1) under the action
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of 〈!〉:
 = {(a–; a–(q+1); 1) | –=0; 1; : : : ; q2 + q}:
By 3:1 K is ;xed by (q
2+q+1)=k , and ", where " is de;ned by "(!–) :=!q–. We are inter-
ested in # :=’(q
2+q+1)=k’−1 and $ :=’"’−1, collineations of  ;xing ’(K). We have
that if b := a(q
2+q+1)=k then #(x1; x2; x3)= (bx1; bq+1x2; x3), and $(x1; x2; x3)= (x
q
1 ; x
q
2 ; x
q
3).
The map $ is a non-linear collineation of PG(2; q3), but for P=(ai; ai(q+1); 1)∈ we
have $(P)= (ai(q+1); 1; ai); so $ acts on  as the linear collineation of PG(2; q3) &−1,
where &(x1; x2; x3) := (x3; x1; x2).
Proposition 3.3. Let 2t be the algebraic curve associated to the envelope of K and
let C2t be its image by ’. Then C2t has the following properties:
(1) it is preserved by #;
(2) it is preserved by &;
(3) it has degree 2(q− k + 2);
(4) it has no fundamental line as a component;
(5) it is de:ned over Fq.
Proof. We prove the di2erent items:
(1) The map (q
2+q+1)=k =’−1#’ is a projectivity of PG(2; q) ;xing K . By (8) of
Theorem 2.5, (q
2+q+1)=k ;xes 2t , so # ;xes C2t .
(2) Since for P ∈ we have $(P)= &−1(P), the map ’−1&−1’ is a projectivity of
PG(2; q3) ;xing K . Again by (8) of Theorem 2.5, " ;xes 2t ; then &−1 ;xes C2t
and so does & since &=(&−1)2.
(3) It is Theorem 2.5 (2).
(4) The claim follows from Observation 3:1.
(5) The map ’−1$’ is a non-linear collineation of PG(2; q) ;xing K . Again by (8)
of Theorem 2.5, ’−1$’ ;xes 2t , so $ ;xes C2t and C2t is de;ned over Fq.
We introduce the following terminology:
Denition 3.4. Let ! be a primitive element of Fq 3 , k be a divisor of q2 + q+1 such
that k¿ 14 (3q+5), and suppose # and & de;ned as above. An algebraic plane curve
de;ned over Fq is called cyclic if it satis;es (1)–(4) of Proposition 3.3.
For the rest of the section C will denote a cyclic curve of degree n=2(q− k +2).
Proposition 3.5. Each vertex of the fundamental triangle is a 2-fold cuspidal point
of C such that one of the fundamental lines through the vertex is the tangent and has
intersection multiplicity n − 2 with C at the vertex. Namely, letting A1 := (1; 0; 0);
A2 := (0; 1; 0); A3 := (0; 0; 1),
I(A2;C∩{x1 = 0})= I(A3;C∩{x2 = 0})= I(A1;C∩{x3 = 0})= n− 2:
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Besides, the only two possibilities for branches of C centered at A– (–=1; 2; 3) are
the following:
(1) there exist two linear branches (not necessarily distinct) centered at A– and the
tangent meets each of them with multiplicity n=2− 1;
(2) there exists a unique quadratic branch centered at A–.
Proof. See [4, Proposition 5].
Observe that 〈&〉 preserves C and acts transitively on the vertices of the fundamental
triangle; so the number of branches through A– and their characteristics do not depend
on –. If (1) of the above Proposition holds we call C cyclic of the :rst type, otherwise
of the second type.
Proposition 3.6. If C is reducible, then it is of the :rst type and it has two compo-
nents of degree n=2.
Proof. By Observation 3:1, any component of C has degree at least 3; then, by using
Proposition 3.5, it is easy to see that any component of C contains A1, A2 and A3.
Thus, again by Proposition 3.5, C is of the ;rst type and all its components have
degree greater than or equal to n=2. Since C has degree n, the claim follows.
So we have,
Observation 3.7. If C is irreducible then its genus g is less than or equal to
(n − 1)(n − 2)=2= 12 (n2 − 3n + 2); otherwise, the genus of each component of C
is less than or equal to 12 (n=2− 1)(n=2− 2)= 18 (n2 − 6n+ 8).
4. St&ohr–Voloch’s theory and cyclic curves
We start by summarizing some results from StKohr–Voloch’s paper [16]. Let L := PFq,
X be an irreducible curve of PG(2;L) and X be the non-singular model of X. Points
of X correspond to branches of X and to places of ) :=L(X )=L(X), the ;eld
of rational functions of X. Let D be a base-point-free e2ective linear series of ) of
dimension m and order r. The order sequence with respect to D at a point P of X is
(j0; : : : ; jm) if for all –=0; : : : ; m there exists D divisor in D such that vP(D)= j–. All
but a ;nite subset of points of X have the same order sequence (/0; : : : ; /m) which is
called the order sequence of X with respect to D. X is said to be classical for D if
/– = – for all –=0; : : : ; m (such terminology is due to the fact that if the characteristic
of the ground ;eld is zero then all curves are classical for all linear series). In the rest
of the paper we will be concerned with the linear series associated to the Veronese
morphism 02 : PG(2;L)→PG(5;L) de;ned by (x; y; 1) → (1; x; x2; y; xy; y2). In this
case the order sequence at a branch 2 of X consists of the possible multiplicities of
intersection of 2 with the conics of PG(2;L). Suppose that X (and so X ) and D
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are de;ned over Fq; so we may de;ne the Frobenius order sequence over Fq of X
(30; : : : ; 3m−1) as the minimal sequence, with respect to the lexicographic order, for
which the following determinant does not vanish identically
∣∣∣∣∣∣∣∣∣∣∣∣
fq0 : : : : : : f
q
m
D30y (f0) : : : : : : D
30
y (fm)
...
...
...
...
D3m−1y (f0) : : : : : : D
3m−1
y (fm)
∣∣∣∣∣∣∣∣∣∣∣∣
;
where f0; : : : ; fm ∈) de;ne D and Dsy (f—) is the sth Hasse derivative of f— with respect
to a separating variable y. The Frobenius order sequence is a subsequence of the order
sequence (/0; : : : ; /m); X is said to be Frobenius classical if 3– = – for all –=0; : : : ; m−1.
The main theorem of StKohr–Voloch’s paper [16, Theorem 2:13] states that if X is a
non-singular curve of genus g de;ned over Fq, and D is a base-point-free e2ective
linear series of ) de;ned over Fq of dimension m and order r, and if the Frobenius
order sequence of X over Fq with respect to D is (30; : : : ; 3m−1), then the number N
of Fq-rational points of X satis;es
mN6(30 + · · ·+ 3m−1)(2g− 2) + (q+ m)r:
The above bound can be slightly improved: let d2 :=
∑
–=1;:::;m−1(—– − 3–), where
(j0; : : : ; jm) is the order sequence at the branch 2 of X ; then
∑
2∈A
d2 + mN6(30 + · · ·+ 3m−1)(2g− 2) + (q+ m)r; (4.1)
where A is any subset of branches of X centered at non-Fq-rational points. Hirschfeld
and KorchmOaros (see [8]) observed that the above upper bounds hold true even if
N is replaced by N ′ counting all points with coordinates in Fq lying on a Fq-rational
plane model X of X , provided that the morphism 0 associated to the linear series
is a birational isomorphism from X to 0(X)⊆PG(r;L) (see also [7]); in particular,
the observation holds if 0=02. We recall a technical but very useful result
[16, Corollary 1:7].
Lemma 4.1. If (j0; : : : ; jm) is the order sequence for the linear series D at a branch of
X and if p does not divide
∏
(jr − js)=(r − s) for all 06s¡r6m, then X is classical
for D.
Now we can prove the main result of the section.
Proposition 4.2. Let C be a cyclic curve of degree n¿8, as de:ned in Section 3. If
p¿5 and if 2k =−2; 0; 1; 2; 4 (modp), then each component of C is both classical
and Frobenius classical over Fq with respect to the linear series associated to the
morphism 02.
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Proof. Let 2 be a branch of a component C1 of C centered at A3. By Proposition 3.5
there are two possibilities:
(1) 2=("; a0"n=2−1 + · · ·) a0 =0;
(2) 2=("2; b0"n−2 + · · ·) b0 =0.
In both cases we can compute the order sequence (j0; j1; j2; j3; j4; j5) at 2 with respect
to 02. Consider the degenerate conics consisting of (a) two lines not passing through
A3, (b) a line through A3 not tangent of C1 at A3 and a line not passing through A3,
(c) two lines through A3 not tangent of C1 at A3, (d) the tangent of C1 at A3 and
another line not through A3, (e) the tangent of C1 at A3 and another di2erent line
through A3, (f) the tangent of C1 at A3 counted twice. Since n¿6, in Case 1, we have
(j0; j1; j2; j3; j4; j5)=
(
0; 1; 2;
n
2
− 1; n
2
; n− 2
)
;
and in Case 2, we have
(j0; j1; j2; j3; j4; j5)= (0; 2; 4; n− 2; n; 2n− 4):
By a direct computation and by the hypothesis on k it is possible to apply Lemma 4.1,
and so the component is classical for 02. Moreover, the Frobenius order sequence
(30; 31; 32; 33; 34) is equal to (0; 1; 2; 3; 4). For, suppose 34 = 5; by [16, Proposition 2.3],
0; 1; 2; 3; 4 should be in the sequence since p¿5, a contradiction.
5. Proof of the main result
In this section we will prove the main result of the paper.
Theorem 5.1. Let K be a k-arc of Singer type in PG(2; q); q=pl; p prime. If p¿5,
and 2k =−2; 1; 2; 4 (modp), then
k6
44
45
q+
8
9
: (5.1)
We consider 2t as in Section 3; some of the results already obtained can be sum-
marized in the following Lemma.
Lemma 5.2. Suppose p¿5; 2k =−2; 1; 2; 4 (modp), k¿ 14 (3q+ 5), and  be a com-
ponent of 2t of genus g; then the number N of its Fq-rational points satis:es
∑
2∈A
d2 + 5N610(2g− 2) + (q+ 5)2 deg();
where d2 =
∑
–=1;:::;4(—– − –); (—0; : : : ; —5) being the order sequence at 2 with respect to
the morphism 02, and where A is any subset of branches of  centered at non-
Fq-rational points.
M. Giulietti / Discrete Mathematics 255 (2002) 135–144 143
Proof. We consider C2t as in Section 3. Observe that since k divides q 2 + q+1, then
2k =0 (modp); moreover, since p¿5 we have that q− 1 does not divide q2 + q+ 1
and so t¿4. Therefore C2t satis;es the hypothesis of Proposition 4.2 and  is classical
with respect to the morphism 02. By Proposition 3.6 and Observation 3:2 we have that
 is de;ned over Fq;  is also Frobenius classical over Fq with respect to 02: repeat
the last part of the proof of Proposition 4.2. We ;nally apply inequality (4.1) and we
are done.
We can now prove the theorem.
Proof (Theorem 5.1). If k6 14 (3q + 5) the inequality holds since q¿3. So we may
assume k¿ 14 (3q+ 5) and apply Lemma 5.2. We distinguish two cases:
• 2t irreducible. The genus g of 2t is less than or equal to 12 (n2 − 3n + 2) and the
number of its Fq-rational points is greater than or equal to k t. Let A be the set of
branches of 2t that correspond to the branches of C2t centered at the vertices of the
fundamental triangle; observe that they are centered at non-Fq-rational points. By a
direct computation, if A consists of six linear branches (i.e. C2t is cyclic of the ;rst
type) then
∑
2∈A d2 =6n− 48, otherwise
∑
2∈A d2 =6n− 18. Therefore
12t − 48 + 5k t610((2t)2 − 3(2t)) + (q+ 5)4t;
k68t − 72
5
+
48
5t
+
4
5
(q+ 5); k68(q− k + 2)− 72
5
+
48
5t
+
4
5
q+ 4;
since p¿5 yields t¿4 (see the proof of Lemma 5.2) we have
k6
44
45
q+
28
45
+
12
45
=
44
45
q+
8
9
:
• 2t reducible. We have already observed that 2t has two components of degree t
de;ned over Fq; each of them has a number of Fq-rational points greater than or
equal to (1=2)k t and has genus g less than or equal to 18 (n
2 − 6n+ 8). So
5k t
2
610
(
(2t)2 − 6(2t) + 8
4
− 2
)
+ (q+ 5)2t;
k64t − 12 + 4
5
(q+ 5); k6
24
25
q¡
44
45
q+
8
9
:
We proved that inequality (5.1) holds if the characteristic of the ground ;eld is
greater than 5 and if the size k of the arc satis;es 2k =−2; 1; 2; 4 (modp). But what
if the above conditions are not satis;ed? The existence of a (q−√q+1)-arc of Singer
type in PG(2; q), q square, shows that the inequality does not hold for arbitrary arcs
of Singer type; but it seems reasonable to conjecture that this is the only exception.
Proposition 5.3. Let q be a prime power and let K be a k-arc of Singer type in
PG(2; q). If q¡510 then either q is a square and k = q−√q+1, or k6(44=45)q+8=9.
144 M. Giulietti / Discrete Mathematics 255 (2002) 135–144
Proof. By using a computer we listed for each q prime power less than 510 all divisors
k of q2+q+1 such that k¿(44=45)q+8=9 and k6q+1. We saw that either k satis;es
the hypothesis of Theorem 5.1 or q is a square and k = q−√q+ 1.
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